Abstract: Wireless power transfer from one transmitter to multiple receivers through inductive coupling is slowly entering the market. However, for certain applications, capacitive wireless power transfer (CWPT) using electric coupling might be preferable. In this work, we determine closed-form expressions for a CWPT system with one transmitter and two receivers. We determine the optimal solution for two design requirements: (i) maximum power transfer, and (ii) maximum system efficiency. We derive the optimal loads and provide the analytical expressions for the efficiency and power. We show that the optimal load conductances for the maximum power configuration are always larger than for the maximum efficiency configuration. Furthermore, it is demonstrated that if the receivers are coupled, this can be compensated for by introducing susceptances that have the same value for both configurations. Finally, we numerically verify our results. We illustrate the similarities to the inductive wireless power transfer (IWPT) solution and find that the same, but dual, expressions apply.
Introduction
Wireless power transfer technologies can be divided into two categories: the far-field and near-field technologies. The former includes the transfer of energy by means of, for example, microwaves, light waves and radio waves [1] [2] [3] [4] . The latter uses quasi-static fields to transfer the energy. Inductive wireless power transfer (IWPT) uses a time-varying magnetic field, generated by an alternating current in a coil [5] . This varying magnetic field couples the coil to another coil, enabling wireless power transfer. Magnetic resonance, which uses more than two coils, is based on the same principle [6] . IWPT technology is being applied to a broad range of applications [7] .
With capacitive wireless power transfer (CWPT), energy can be transferred wirelessly by means of the electric field. Applications are the charging of, for example, electric vehicles [8] , automatic guided vehicles [9] , biomedical implants [10] , integrated circuits [11] and low-power consumer applications [12] . Compared to IWPT, it has several advantages, such as a reduced cost and weight and the ability to transfer energy through metal [13, 14] . Just as for IWPT, CWPT allows for the charging of multiple receivers at once with one transmitter. Several small receiver plates can overlay the large transmitter plates. Figure 1 shows the schematic set-up of a bipolar CWPT system with one transmitter and two receivers.
For a wireless power transfer system, two configurations are typically being pursued [15, 16] . One can construct a wireless power transfer system that maximizes the amount of transferred power to the receiver, for example, for biomedical implants. The other option is to maximize the efficiency of the power transfer, for example, for the charging of electric vehicles. It is important to note that the configurations differ from each other. In this work, we analytically determine the optimal solution for both maximum power transfer and efficiency for a CWPT system with one transmitter and two receivers.
This has already been done for IWPT [17] [18] [19] [20] [21] [22] , but to our knowledge, it has not yet been described for CWPT. More specifically, our contributions are as follows:
•
We determine analytically the optimal solution for the maximum efficiency and maximum power solution for a CWPT system with one transmitter and two receivers. • We derive the optimal loads for each configuration and provide closed-form expressions for the maximum efficiency and power transfer.
We demonstrate that we can compensate for coupling between the receivers by adding specific susceptances.
We illustrate the similarities to IWPT.
Methodology
In this section, we first perform a circuit analysis of a general CWPT circuit with one transmitter and two receivers. Next, the maximum power and maximum efficiency solution are analytically calculated.
Circuit Analysis
A CWPT system with one transmitter and two receivers (Figure 1 ) can be represented by the circuit in Figure 2 [23, 24] . We make an abstraction of the remote electronics (e.g., power conditioner, rectifier, etc.) to focus on the wireless link itself. On the basis of Norton's theorem, we can represent the supply of the CWPT system with a time-harmonic current source I 1 with angular frequency ω 0 . The losses in the circuit are represented by the parallel conductances g 11 , g 22 and g 33 . Wireless power transfer for two receivers may be realized by modeling the load as admittances Y 2 and Y 3 . The CWPT link can be described by the coupled capacitances C 1 , C 2 and C 3 [14, 23, 24] .
Figure 2. Equivalent circuit to a capacitive wireless power transfer (CWPT) system with one transmitter and two receivers.
The goal of the power transfer system is to wirelessly transfer power from the transmitter to both receivers. This is realized by the coupling between the transmitter capacitance C 1 and the receiver capacitances C 2 and C 3 , expressed by their mutual capacitance C 12 and C 13 , respectively. However, there can also be a coupling between the receiver capacitances C 2 and C 3 , given by C 23 . Usually, the coupling between the receivers will be negligible compared to the coupling between the transmitter and receiver, but we will nevertheless also derive the optimal solution for the non-negligible coupling C 23 . The coupling factor k ij (i,j = 1,2,3) is defined by
In order to improve the power transfer, we construct resonant circuits by adding a shunt inductor L i (i = 1,2,3) to each circuit, with a value of
Instead of a shunt inductance, a series inductance can also be chosen to construct the resonant circuit. We perform the analysis for a shunt inductance, as it simplifies the calculations and allows for a better overview of the results. The methodology of our work remains the same for both topologies.
We define P 1 as the active input power, supplied by the source. P 2 and P 3 are the output powers, delivered to the loads Y 2 and Y 3 , respectively. We analytically determine the optimal loads Y 2 and Y 3 for two configurations:
•
In the first configuration, we maximize the amount of power P out = P 2 + P 3 transferred from the source to the loads.
In the second configuration, our goal is to maximize the efficiency of the system η, defined by
The circuit in Figure 2 can be considered as a three-port network with peak voltage phasors V i and peak current phasors I i (i = 1,2,3) at the ports, as defined in the figure. Using Kirchhoff's current laws, we obtain the relations between the voltages and currents of the three-port network:
Considering the three-port network, with matrices V and I defined as
We can represent the network by an admittance matrix Y 0 , indicated by the dashed rectangle in Figure 2 , as
At the resonance frequency ω 0 , taking into account Equation (2), the admittance matrix Y 0 is given by
where we have introduced the notation x ij = ω 0 C ij for convenience.
In the next sections, we analytically determine the maximum power and maximum efficiency solution. For ease of notation, we introduce the following definitions:
(11)
Maximum Power Transfer
We determine the optimal loads Y i = G i + jB i (i = 2,3) to maximize the total power output P out of the system, where G i and B i are the load conductance and susceptance, respectively. We first consider the case in which the receivers are uncoupled.
Uncoupled Configuration
When the receivers are uncoupled (C 23 = 0), the elements x 23 in the admittance matrix of Equation (9) are zero. In other words, no receiver is influenced by the presence of the other receiver. With this assumption, we can consider the system as two separate CWPT systems, each with one transmitter and one receiver. It was demonstrated in [16] , using values of inductance given by Equation (2) , that the optimal loads to achieve both maximum power and efficiency occur when the imaginary parts of the system equate to zero. For the configuration with uncoupled receivers, we can therefore replace the admittances Y 2 and Y 3 with the conductances G 2 and G 3 . We can then write
and, with Equation (8), we can write
Inverting the 3 × 3 matrix allows us to find the following expressions for the voltages:
with
The input power P 1 is given by [25] :
where I * 1 is the complex conjugate of I 1 . The maximum attainable power, sometimes called the "available power of the generator", is given by [25] : (22) To simplify the further calculations, we use the normalized power p i (i = 1,2,3):
Using Equation (17), we obtain for the normalized input power p 1 :
The active output power P i (i = 2,3) is given by [25] :
Using Equations (18) and (19), we obtain
We derive p 2 + p 3 to G 2 and G 3 and equate to zero, using the same methodology as [17] [18] [19] :
We find the loads to obtain the maximum power transfer:
Substituting these conductances into Equations (26) and (27) results in the maximum normalized output power p out,power :
Analogously, we obtain the corresponding normalized input power p 1 in this maximum power configuration:
From Equation (3), we obtain the corresponding efficiency:
Coupled Configuration
We now consider the case in which the receivers are coupled (C 23 = 0). The only difference to the uncoupled case is that the elements x 23 in the admittance matrix (9) are non-zero. Because this only adds purely imaginary elements to the admittance matrix Y 0 , the real part of the maximum power solution for the loads equals that for the uncoupled case. Adding appropriate susceptances to the circuit allows us to compensate for the extra purely imaginary elements, resulting in the same maximum power output (Equation (32)) for the same conductances G 2,power and G 3,power as for the uncoupled configuration. We then determine the values for these susceptances.
We consider the circuit of Figure 3 . B 2 and B 3 are the susceptances added to compensate for the non-zero coupling between C 2 and C 3 . The admittance matrix Y coupled of the three-port network that includes B 2 and B 3 is given by
Figure 3. Schematic overview of a capacitive wireless power transfer (CWPT) system with one transmitter and two receivers, where we have added the susceptances B 2 and B 3 to compensate for the coupling between C 2 and C 3 . The dashed rectangle indicates the three-port network characterized by the admittance matrix Y coupled .
Equation (16) now becomes
We note that the above equations reduce to the expressions for the uncoupled configuration when B 2 , B 3 and x 23 are equal to zero. In order to compensate for the coupling between C 2 and C 3 , Equations (37)-(39) for the voltages of the three-port network have to be the same as the relations for the uncoupled configurations, that is, Equations (17)- (19), respectively. By analytically solving the system of equations thus obtained for B 2 and B 3 , we find a unique solution:
Substituting G 2 and G 3 with the values for G 2,power and G 3,power , we obtain
g 33 x 12 x 23 (43)
Because the susceptances B 2 and B 3 are positive, they correspond to capacitances C B2 and C B3 , respectively, given by
We note that, as expected, the compensating capacitances C B2 and C B3 become zero when there is no coupling present between the receivers (i.e., C 23 = 0).
Because C B2 and C B3 compensate for the coupling between C 2 and C 3 , the input and output power and the efficiency are the same as the values for the uncoupled configuration. An overview can be found in the second column of Table 1 . Table 1 . Overview of the different quantities for the maximum power and the maximum efficiency solution. 
Quantity Maximum Power Configuration Maximum Efficiency Configuration
G 2 g 22 θ 2 C g 22 θ C G 3 g 33 θ 2 C g 33 θ C Bp 1 2 1+θ 2 C θ 2 C 4 θ C p out χ 2 C,12 +χ 2 C,13 θ 2 C 4 χ 2 C,12 +χ 2 C,13 θ C (1+θ C ) 2 η θ 2 C −1 2(1+θ 2 C ) θ 2 C −1 (1+θ C ) 2
Maximum Efficiency
We determine the optimal loads Y 2 and Y 3 to maximize the efficiency η of the total system, as defined in Equation (3). We first consider the case in which the receivers are uncoupled.
Uncoupled Configuration
When the receivers are uncoupled (C 23 = 0), the elements x 23 in the admittance matrix (Equation (9)) are zero. The optimal loads are again purely real [16] : G 2 and G 3 .
Using Equations (24)- (27) and
We find
We derive η to G 2 and G 3 and equate to zero:
We find the values for the conductances G 2 and G 3 for the maximum efficiency configuration:
Coupled Configuration
We now consider the case in which the receivers are coupled (C 23 = 0). With the same reasoning as for the maximum power configuration, we can add susceptibilities B 2 and B 3 to compensate for the coupling between C 2 and C 3 . The derivation for calculating the values of B 2 and B 3 is identical to the maximum power configuration until arriving at Equations (41) and (42). We then substitute G 2 and G 3 with the values for G 2,η and G 3,η .
We obtain for the maximum efficiency configuration the same compensating capacitances as for the maximum power configuration:
This is to be expected. The goal of the added susceptances B 2 and B 3 is to compensate for the coupling between the receivers, in any configuration, whether it is to achieve maximum power transfer, maximum efficiency, or any other configuration. In other words, achieving the maximum power transfer or maximum efficiency for a given CWPT system with one transmitter and two receivers only requires us to change the real part of the load of the receivers. The compensating capacitances C B2 and C B3 are the same for both configurations.
The maximum attainable efficiency η max , in the uncoupled case as well as in the coupled case, when applying G 2,η and G 3,η as loads, is given by
Substituting G 2,η and G 2,η into Equations (26) and (27) results in the normalized output power p out,η :
Substituting G 2,η and G 2,η into Equation (24) results in the normalized input power p 1,η :
An overview of the different values can be found in Table 1 .
Discussion
In this section, we first numerically verify our results. Next, we analyze the maximum power and maximum efficiency solution in more detail, and illustrate the similarities with IWPT.
Numerical Verification
First, we notice that, if one receiver is absent or uncoupled (e.g., C 13 = C 23 = 0), the results of Table 1 correspond to the solutions for a CWPT system with one transmitter and one receiver [16] .
We now verify the above analytical derivation by circuit simulation. We consider the system of Figure 2 with one transmitter and two capacitive coupled receivers. If we assume a system composed of a large aluminum transmitter with aluminum receiver plates of 10 cm × 10 cm, coated with polyethylene as a dielectric material, at a distance of 2.5 mm between transmitter and receiver, we can assume the representative values of Table 2 [14, 24] . Using Equations (1), (2), and (10)- (12), the values of the coupling factors, resonance inductances, and auxiliary variables are calculated (Table 3) . Table 3 . Calculated values for the considered capacitive wireless power transfer (CWPT) system.
Quantity
Value Quantity Value 12 10.3 θ C 11.2 χ C, 13 4.44 --
We first verify the optimal loads for the maximum power configuration. From Table 1 , we calculate the following:
•
The optimal loads G 2,power and G 3,power for achieving maximum power transfer.
The capacitances C B2 and C B3 , necessary to compensate for the coupling between both receivers. • The corresponding normalized input and output power.
The efficiency η power of the system.
The calculated values are listed in Table 4 . This system was simulated in SPICE for varying loads G 2 and G 3 . Figure 4 shows the normalized power output p out . A maximum p out,power of 0.992 was obtained at the loads G 2,power and G 3,power of 189 and 252 mS, respectively. This was in accordance with the analytical result from Table 4 . Additionally, the obtained efficiency η power of 49.2% at this point corresponded with the analytical calculated value. Table 4 . Calculated values for the considered capacitive wireless power transfer (CWPT) system for the maximum power and the maximum efficiency configuration. Secondly, we consider the maximum efficiency configuration for the same system. From Table 1 , we find the values listed in Table 4 . By SPICE simulation, we calculated the efficiency of the system for varying loads G 2 and G 3 ( Figure 5) . A maximum efficiency η max of 83.6% was achieved at the loads G 2,η and G 3,η of 16.8 and 22.5 mS, respectively, which was in accordance with the analytical derived result. The corresponding normalized output power p out,η was 0.298, corresponding with the expected value (Table 4) .
Quantity Maximum Power Configuration Maximum Efficiency Configuration
Finally, we verify that the calculated values of the capacitances C B2 and C B3 indeed compensate for the coupling between the receivers. We simulated both the maximum power and the maximum efficiency configuration for the uncoupled configuration; we considered the same system as described by Table 2 , but now with C 23 equal to zero and no compensating capacitances C B2 and C B3 present. We obtained the same calculated values of the coupled scenario (Tables 3 and 4 ). Circuit simulations with SPICE produced the same results as in Figures 4 and 5 , indicating that C B2 and C B3 indeed compensate for the coupling between the receivers. Table 2 . The asterisk indicates the location of the maximum efficiency of 83.6%.
Analysis of the Results
From Table 1 , it can be seen that the optimal conductances for the maximum power configuration are always larger than for the maximum efficiency configuration, as θ C > 1. Additionally, the normalized input power p 1 is higher in the maximum power scenario than in the maximum efficiency scenario. From Figures 4 and 5 , it can be seen that for the numerical example, both the output power and efficiency are near the maximum, which varies more when changing G 2 than when changing G 3 . The reason is that the coupling between the transmitter and the first receiver is higher than the coupling between the transmitter and the second receiver. A further, more detailed analysis is beyond the scope of this work.
In our numerical example, the coupling factor between both receivers is 22%, that is, k 23 = 0.22. We demonstrated that capacitances C B2 and C B3 are necessary to compensate for this coupling between the receivers.
We illustrate the influence of the presence of these compensating capacitances with an example. We calculate the normalized output power p out and the efficiency η for non-ideal loads of G 2 = 1 mS and G 3 = 10 mS. The normalized output power p out with compensating capacitances C B2 and C B3 is 0.0376. If no compensating capacitances are present, p out is 0.0246, about 7% lower. The efficiency η with and without compensating capacitances is 50.8% and 41.5%, respectively, an absolute difference of 9.3%.
In the neighborhood of the maximum power point and maximum efficiency point, the difference between p out and η, respectively, is negligible for the circuit with and without compensating capacitances for this example.
An important limitation of our proposed model is that it is restricted to static CWPT set-ups. The model assumes that all elements, including the coupled capacitances, are lumped elements and are fixed, whereas in reality, the capacitances are distributed elements and are dependent on the position of the receivers. For the implementation of our model, the values of the capacitances and coupling coefficients can be determined by measurement [24] . However, these values are not fixed. Indeed, the values of the capacitances and coupling coefficients are not independent of each other [24] . For example, a change in the position of one receiver will not only influence the coupling coefficients for that receiver, but also the values of the capacitances. Even the value of the capacitance C 1 of the transmitter and the value of the coupling coefficient between the transmitter and the second receiver can vary as a result of the change in position of the first receiver. This implies that our model is only valid for static applications, for example, the charging of space-confined systems, such as low-power consumer applications [12] or three-dimensional integrated circuits [11] , for which the receivers have predefined locations. For moving receivers, such as electric vehicles [26] , robot arms and in-track-moving systems [12] , our model is not valid. For future work, we plan to extend our model by applying distributed elements.
Duality to IWPT
Given the duality principle in network theory [25] , which finds its origin in the symmetry of Maxwell's equation for the electric and magnetic fields, parallels can be drawn between CWPT and IWPT. Table 5 gives an overview of the relevant dual quantities for CWPT and IWPT. Table 5 . Dual quantities between capacitive wireless power transfer (CWPT) and inductive wireless power transfer (IWPT).
CWPT IWPT
The dual network of Figure 3 is given in Figure 6 . A transmitter is supplied by a voltage source V 1 . The inductances L i (i = 1,2,3) are coupled and expressed by their mutual inductance L ij ; the coupling factor k ij is defined as
The loads of the two receivers are R 2 and R 3 . Resonance capacitors C i and resistances r ii (i = 1,2,3) are added in series to each circuit. The reactances X 2 and X 3 compensate for the coupling between L 2 and L 3 . Just as for the CWPT set-up, this circuit is limited to static set-ups and does not include, for example, the leakage flux in the primary circuit. Figure 6 . Schematic overview of an inductive wireless power transfer (IWPT) system with one transmitter and two receivers, with the reactances X 2 and X 3 to compensate for the coupling between L 2 and L 3 . The dashed rectangle indicates the three-port network characterized by the impedance matrix Z coupled .
Given the duality principle, we can for IWPT define the following analogous variables: 
With these definitions and by applying the duality principle, we obtain the quantities of Table 6 , analogous to in [17] [18] [19] . We notice the similarities for the corresponding quantities for CWPT in Table 1 . For example, the load conductance G 2 for CWPT is given by g 22 θ 2
C and g 22 θ C for the maximum power and efficiency configuration, respectively. The dual load for IWPT, the resistance R 2 , is given by r 22 θ 2 I and r 22 θ I for the maximum power and efficiency configuration, respectively, which corresponds to the dual values of CWPT. Analogously, for CWPT, the elements that compensate for the receiver's coupling are susceptances, whereas for IWPT, they are reactance elements given by the same, but dual, expressions of CWPT. Table 6 . Overview of the different quantities for the maximum power and the maximum efficiency solution for an inductive wireless power transfer (IWPT) system with one transmitter and two receivers. 
Quantity Maximum Power Configuration Maximum Efficiency Configuration

